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Abstract
This note isolates the conceptual lens behind a connection between proximity gaps, a flight-path mixture model, and

a statistical extension of curve-decodability. The common question is not merely whether observations are close, but
what repeated closeness says about an underlying law. In curve-decoding, sufficiently many local codeword matches
cannot remain unrelated: their row span must contain a common low-degree polynomial explanation. In the flight-path
model, a proposed single mechanism makes a sharp distributional prediction; its failure forces multiple regimes, after
which persistent local residuals identify one regime for an individual path. The algebraic extension acts on the same
matrix used in the curve-decoding formalism, but replaces a structural yes-or-no statement with a residual and a null
rarity rate. The resulting principle is: identify the simplest lawful subspace, remove what it explains, and measure how
surprising the remaining coherence would be under an accidental mechanism.

1 The original structural move: closeness forces lawfulness
Key conceptual points

• A single close point may be accidental; many close points along a structured curve are not free to be arbitrary.
• The row span is the object that remembers whether the nearby codewords share one polynomial law.
• Their proximity result is local-to-global: enough local agreement forces global algebraic coherence.

Let 𝐶 ⊆ F𝑛𝑞 be a linear code and let

𝑢(𝛼) =
ℓ∑︁
𝑗=0

𝑢 𝑗𝛼
𝑗

be a degree-ℓ curve in the ambient word space. Suppose that for many parameters 𝛼 ∈ 𝐴, there is a codeword 𝑓 (𝛼) ∈ 𝐶

satisfying
Δ
(
𝑢(𝛼), 𝑓 (𝛼)

)
≤ 𝛿.

The structural question is whether these local decoding successes can be governed by unrelated explanations. Curve-
decodability says that, once there are enough of them, many must lie on one codeword-valued polynomial curve,

𝑓 (𝛼) = 𝑐(𝛼), 𝑐(𝛼) =
ℓ∑︁
𝑗=0

𝑐 𝑗𝛼
𝑗 , 𝑐 𝑗 ∈ 𝐶.

Place the nearby codewords into the columns of

𝑀 = [ 𝑓 (𝛼1) · · · 𝑓 (𝛼𝑚)], 𝑈 = RowSpan(𝑀).
For a subset 𝐵 ⊆ 𝐴, the columns indexed by 𝐵 obey one degree-ℓ law exactly when

𝜋𝐵 (𝑈) ⊆ RSℓ (𝐵), RSℓ (𝐵) = {(𝑝(𝛼))𝛼∈𝐵 : deg 𝑝 ≤ ℓ}.
Their key matrix move is therefore to preserve 𝑈, because coordinatewise closeness alone does not remember how the
candidate codewords relate across the whole collection [1].

Their arc
many local proximity events =⇒ row-span containment =⇒ one shared polynomial law.

The intuitive statement is: the points are too consistently close along a structured object for every match to come from a
different underlying lawfulness.

2 The flight-path move: a law predicts a distribution
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Key conceptual points

• A proposed mechanism is useful only if it predicts observable features that can fail.
• In the flight model, broad random scale should wash out ordinary bridge-shape non-Gaussianity.
• The observed distribution is too different from that prediction, so one universal mechanism is not enough.

The flight-path note begins in the opposite direction. Rather than starting from many local matches and asking what law
they force, it starts from one proposed law and asks what distribution that law must produce [2]. The RMS departure
from an endpoint geodesic is written

𝐷 = 𝐴𝑄,

where 𝐴 is route scale and 𝑄 is the dimensionless shape of an endpoint-pinned bridge. With 𝑈 = log(𝐴/𝑑0) and
𝑉 = log𝑄,

log(𝐷/𝑑0) = 𝑈 +𝑉.

If 𝑈 is Gaussian and independent of 𝑉 , broad variation in 𝑈 suppresses the standardized higher cumulants contributed
by the bridge shape. Writing

𝜌 =
Var(𝑉)

Var(𝑈) + Var(𝑉) ,

one obtains
Skew(log 𝐷) = Skew(log𝑄)𝜌3/2, ExKurt(log 𝐷) = ExKurt(log𝑄)𝜌2.

Thus one mechanism predicts an almost Gaussian law in log space. Under the Brownian-bridge benchmark, the fitted
scale predicts approximately

Skew(log 𝐷) ≈ 0.003, ExKurt(log 𝐷) ≈ −0.002,

whereas the observed cohort has

Skew(log 𝐷) = −2.40, ExKurt(log 𝐷) = 8.11.

The discrepancy is not a minor defect in the center of the histogram. It says that at least one defining assumption of the
single-regime explanation is false. The visible near-geodesic boundary then motivates a mixture,

𝑓𝐷 (𝑑) = 𝜋0 𝑓0 (𝑑) +
𝐶∑︁
𝑐=1

𝜋𝑐 𝑓𝐷 (𝑑 | 𝑐).

The cohort-level flight arc
one proposed mechanism =⇒ a sharp distributional signature =⇒ observed mismatch =⇒ more than one mechanism.

This is not the opposite of curve-decodability so much as its conceptual complement. Their theorem says that repeated
compatibility forces common structure. The flight argument says that a global structure must earn its status by surviving
a distributional test.

3 Persistence turns local evidence into mechanism assignment
Key conceptual points

• A short straight-looking prefix is compatible with either flight regime; persistence is what becomes diagnostic.
• Evidence accumulates when the null mechanism must repeatedly spend probability mass to imitate the alternative.
• This sequential logic is the bridge from the flight problem back to curve-decoding.

After the mixture is forced, the flight problem reverses direction. Let 𝐶 = 0 denote the near-geodesic boundary regime
and 𝐶 = 1 the ordinary bridge regime. For the first 𝑛 observations, define the residual energy

𝑅2
𝑛 =

1
𝑛

𝑛∑︁
𝑗=1

𝜂(𝑡 𝑗 )2.
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If persistent small residuals are exponentially rare under the ordinary population,

Pr
1
(𝑅𝑛 ≤ 𝜏) ≤ 𝑒−𝑛𝐼 (𝜏 ) ,

then every additional small-residual observation spends more null probability. Bayes’ rule turns that expenditure into
increasing evidence for the boundary mechanism:

Pr(𝐶 = 0 | 𝑅𝑛 ≤ 𝜏) ≳ 𝜋0

𝜋0 + (1 − 𝜋0)𝑒−𝑛𝐼 (𝜏 )
.

The global cohort rejects one law; the local sequence then identifies which law is active for one trajectory.

The full flight arc
wrong global prediction =⇒ multiple regimes =⇒ persistent local residual =⇒ one regime assignment.

The key transferable idea is not “use a mixture model.” It is the more general rule

local compatibility becomes global evidence only after the null law has paid for its persistence.

4 The new matrix lens: from row span to residual evidence
Key conceptual points

• Their row span identifies what a common algebraic law looks like.
• The new rank residual measures what remains after that lawful component is removed.
• The entropy bound measures how unlikely exact coherence would be under an accidental decoder law.

The statistical extension acts on the same matrix 𝑀 , but asks a different question. Let 𝐻ℓ,𝑚 be a parity-check matrix for
the degree-ℓ evaluation space on 𝐴𝑚 = {𝛼1, . . . , 𝛼𝑚}. Define

𝑟𝑚 = rank
(
𝑀𝑚𝐻

T
ℓ,𝑚

)
.

Because 𝐻ℓ,𝑚 annihilates every degree-ℓ evaluation vector,

𝑟𝑚 = 0 ⇐⇒ RowSpan(𝑀𝑚) ⊆ RSℓ (𝐴𝑚).
Thus 𝑟𝑚 is an algebraic residual: it counts independent row-space directions that the proposed polynomial law cannot
absorb. It is the finite-field analogue of residual bridge energy.
There is also an interpolation barrier. Any ℓ + 1 values can be fit by a degree-ℓ polynomial, so

𝑚 ≤ ℓ + 1 =⇒ 𝑟𝑚 = 0 under both coherent and accidental explanations.

Evidence begins only at observation ℓ + 2. If the next decoder output has conditional point mass at most 𝑞−ℎ𝑖 after all
previous outputs and proximity information are known, then accidental exact coherence satisfies

Pr
acc

(𝑟𝑚 = 0) ≤ 𝑞−
∑𝑚

𝑖=ℓ+2 ℎ𝑖 .

This is the direct algebraic analogue of the small-ball rate 𝑒−𝑛𝐼 (𝜏 ) . The row-span theorem tells us what lawfulness is;
the entropy bound tells us how much evidential weight to assign when that lawfulness appears.

The combined matrix arc
row span identifies the lawful subspace =⇒ syndrome rank measures the unexplained part =⇒ conditional entropy prices

accidental coherence.

At the same conceptual level, the division of labor is

Structural statement: enough local proximity forces a coherent subset;
Inferential statement: the observed coherence is expensive under an accidental law.

The first says that a law exists. The second says how strongly the data support that law over a competing explanation.

5 A reusable conceptual template
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Key conceptual points

• “Distance” enters three times: distance to a model, residual outside the lawful subspace, and distance between competing probability laws.
• A residual alone is not evidence; it becomes evidence only when paired with a null rarity rate.
• The general method applies whenever a simple mechanism defines a low-complexity set of lawful observations.

The common lens can be separated into four objects:

candidate lawful class L
⇓

residual R(𝑋;L)
⇓

null rarity Pr0{R ≤ 𝜏}
⇓

global mechanism statement.

For flight paths, L is an ordinary bridge regime, R is prefix RMS residual energy, and the null rarity is a small-ball
probability. For curve-decoding, L is the Reed–Solomon evaluation subspace, R is syndrome rank, and the null rarity is
controlled by conditional min-entropy.
This clarifies three distinct meanings of closeness:

geometric closeness : Δ(𝑢(𝛼), 𝐶) ≤ 𝛿,

algebraic closeness : 𝑟𝑚 is zero or small,
distributional separation : 𝑊𝑝 (𝑃law, 𝑃acc) is large.

They should not be conflated. Geometric closeness supplies candidate matches. Algebraic residual asks whether
the matches share one low-complexity explanation. Distributional separation asks whether that explanation can be
distinguished from an accidental mechanism at finite sample size.
The broad research direction is therefore not merely to prove more proximity gaps. It is to build a statistical geometry of
lawfulness: quantify approximate residuals, estimate entropy rates for actual decoders, compare finite-length residual
laws across code ensembles, and construct sequential tests whose false-alarm guarantees survive optional stopping. The
same lens may apply wherever repeated local compatibility is suspected to reveal a shared latent rule.

Conceptual endpoint
A structural theorem says that the observations must admit a common law.

A residual says what that law fails to explain.
A probability bound says whether the law is genuine evidence or an inexpensive accident.
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