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“For in nature there are never two beings which are perfectly alike and in which it is
not possible to find an internal difference.” —G. W. Leibniz, Monadology, § 9
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ABSTRACT

A metric answers one of mathematics’ oldest questions: how different are two things? Yet much mathematical
structure is not pairwise. Addition relates three numbers, associativity compares two composite expressions,
and a differential equation judges an entire trajectory. This note follows the question outward, from distance
to a more general relational discrepancy 𝐷 (𝑥1, . . . , 𝑥𝑛) ≥ 0. Its zero set records an exact relation; its
positive values describe the country surrounding exactness. Across algebra, logic, dynamics, probability,
and computation, the same five questions recur—objects, relation, discrepancy, zero set, neighborhood. The
repetition is deliberate. Historically, it became possible only as geometry loosened its bond to physical space,
error became an object of study rather than an embarrassment, and distinguishability acquired algebraic and
informational forms. The result is not a reduction of mathematics to metric spaces. It is a simple grammar by
which exact structures open into landscapes.

1. A small move with a long reach
Begin with a circle. The equation 𝑥2 + 𝑦2 = 1 draws a perfect boundary: a point lies on it or does not. Now
square the failure,

𝐷 (𝑥, 𝑦) = (𝑥2 + 𝑦2 − 1)2.

Nothing on the circle has moved, yet everything around it has changed. Points that were merely “not on the
circle” now occupy slopes and level curves. Exactness has become the floor of a landscape.

This move is so familiar that it is easy to miss its audacity. Euclid organized geometry through exact
constructions, equality, congruence, and ratio [4]. Modern mathematics repeatedly asks one question more:
when a configuration is not exact, how does it fail? Equality becomes error, an equation becomes a residual,
and a hard constraint becomes a loss. The sharp object remains; around it appears a geometry of near misses.

Ordinary distance is the elementary instance. It turns 𝑥 = 𝑦 or 𝑥 ≠ 𝑦 into a scale 𝑑 (𝑥, 𝑦), from which
neighborhoods, limits, and continuity follow. But the farther the idea travels, the less often two points are
enough. Addition is the ternary relation 𝑎 + 𝑏 = 𝑐; incidence joins a point and a line; a field equation judges a
function. The pairwise metric therefore gives way to

𝐷𝑅 : 𝑋1 × · · · × 𝑋𝑛 → [0,∞), 𝑅(𝑥1, . . . , 𝑥𝑛) ⇐⇒ 𝐷𝑅 (𝑥1, . . . , 𝑥𝑛) = 0.

At its cheapest, 𝐷𝑅 is 0 when 𝑅 holds and 1 when it fails. That is only a change of costume. The serious
cases begin when the positive values carry knowledge: when 0.01 and 100 locate genuinely different kinds or
degrees of failure.

Exact structure is a zero set; approximate structure is its neighborhood.

The essay will carry one instrument into several territories. Each time we will ask

objects | relation | discrepancy | zero set | neighborhood.

The identical form matters. It lets us see which examples are nearly free, which demand a sacrifice, and which
reveal a theorem. Arithmetic already comes with subtraction. Order forces us to abandon symmetry. Logic
must be given a notion of graded failure. Approximate algebra confronts the hardest question of all: whether
an object that nearly obeys a law is actually near one that obeys it exactly.
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Figure 1: The relation 𝑥2 + 𝑦2 = 1 encoded by the discrepancy 𝐷𝑅 (𝑥, 𝑦) = (𝑥2 + 𝑦2 − 1)2. The black circle is the exact
zero set. Dashed curves bound one neighborhood of near-solutions, while the perspective view shows exactness as the
floor of a continuous landscape.

2. Before distance had a number
The thought that geometry might begin with relation rather than magnitude is older than the modern language
needed to state it. In a 1679 letter to Huygens, Leibniz proposed an analysis situs: a geometry of position that
would attend to situation before size. Huygens was not persuaded [16]. Decades later, in the Leibniz–Clarke
correspondence, Leibniz described space as an order of coexistences, opposing the Newtonian picture of an
absolute container in which things happen [15]. He did not anticipate discrepancy functions. His role here is
more interesting than that: he made it conceivable that geometry could live in the pattern among things rather
than in a substance called space.

The idea acquired machinery in stages. Descartes’ La Géométrie allowed an equation to carry the form of
a curve [3]. Riemann’s 1854 habilitation lecture went deeper: the manner of measurement could itself be
mathematical data, varying from place to place [20]. Then Fréchet, in 1906, isolated an abstract écart between
arbitrary elements, retaining what analysis needed for convergence while forgetting what the elements were [6].
The word “point” quietly expanded. It could now mean a graph vertex, a string, a function, or a probability
distribution. Geometry had escaped the room of physical space without ceasing to be geometry.

Leibniz’s Identity of Indiscernibles now returns with mathematical force. The metric axiom

𝑑 (𝑥, 𝑦) = 0 =⇒ 𝑥 = 𝑦

is the principle in arithmetic form: nothing distinct is perfectly indistinguishable. A pseudometric deliberately
relaxes the demand, permitting 𝑥 ≠ 𝑦 while 𝑑 (𝑥, 𝑦) = 0; quotienting by zero distance restores the principle by
construction. This is more than a technical distinction. Every discrepancy makes a decision about reality. If
two signals differ only by a phase the model ignores, or two parameter settings produce the same observable
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behavior, zero discrepancy declares that difference immaterial. Measurement does not merely report a world
already divided. It helps decide which divisions the theory can see.

c. 300 BCE
Euclid

exact form
and equality

1637
Descartes

geometry becomes
equation

1805
Legendre

error becomes
an objective

1854–1906
Riemann · Fréchet
measurement becomes

structure

1948–1951
Shannon · KL

distinction becomes
information

1973
Lawvere

distance meets
order and logic

1986 →
learned loss

loss shapes
representation

A widening meaning of distance
Selected turns in a long, branching history — not a claim of linear progress

Figure 2: Selected turns in the widening meaning of distance. The path is branching rather than linear: exact form,
algebraic relation, observational error, abstract metric, statistical evidence, directed cost, and learned loss retain
different meanings even as they enter a shared vocabulary of distinguishability.

3. Algebra enters the landscape
Geometry has now been freed from physical space, but algebra still appears to stand apart. Its basic act is not
comparison but composition: take 𝑎 and 𝑏, and produce 𝑎 ◦ 𝑏. The distance viewpoint becomes useful only
after we stop staring at the inputs and look at the whole multiplication triple.

Objects Elements 𝑎, 𝑏, 𝑐 in a set equipped with, or suspected of carrying, a composition.

Relation The triple is lawful when 𝑎 ◦ 𝑏 = 𝑐; larger configurations are lawful when identities such
as associativity hold.

Discrepancy A ternary function 𝐷◦(𝑎, 𝑏; 𝑐) grades the failure of 𝑐 to be the product. Given a metric
on outputs, associativity has the defect

Δassoc(𝑎, 𝑏, 𝑐) = 𝑑 ((𝑎 ◦ 𝑏) ◦ 𝑐, 𝑎 ◦ (𝑏 ◦ 𝑐)).

Zero set If each pair (𝑎, 𝑏) has a unique 𝑐 with 𝐷◦(𝑎, 𝑏; 𝑐) = 0, the operation can be recovered
from its valley floor. Exact associativity means Δassoc = 0 for every triple. Birkhoff’s
equational classes of algebras may likewise be read as common zero loci of law-defects
[2].

Neighborhood Approximate composition chooses arg min𝑐 𝐷◦. Approximate associativity asks how
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large Δassoc becomes, where it concentrates, and what perturbation does to it.

Here the obvious objection cannot be postponed. If 𝐷◦ takes only the values 0 and 1, we have merely renamed
truth as zero. The landscape earns its name only when its heights expose questions that the exact law concealed:
how much must a product change to restore associativity? Where does a law fail most severely? Does small
local defect place us near any globally exact algebra at all?

That last question became a subject in 1940, when Ulam asked whether a map that almost preserves group
multiplication must lie near an exact homomorphism [24]. Hyers answered the following year in a foundational
setting: between Banach spaces, a uniformly approximately additive map lies uniformly near an exactly
additive one [10]:

∥ 𝑓 (𝑥 + 𝑦) − 𝑓 (𝑥) − 𝑓 (𝑦)∥ ≤ 𝛿 =⇒ ∥ 𝑓 (𝑥) − 𝐴(𝑥)∥ ≤ 𝜀

for an additive 𝐴, with appropriate constants. In this theorem the metaphor hardens: a thickened law really
does contain a nearby exact law. But the subsequent stability program also found equations for which this
promise fails [18]. The landscape may slope toward an exact structure, or it may not. Drawing the landscape
is easy; discovering when its low ground tells the truth is mathematics.

4. When observations refuse to meet
For equations, the apparatus is almost embarrassingly cheap. Subtraction already measures failure. Yet this
easy case produced one of the decisive turns in the history of applied mathematics, because the heavens would
not cooperate with exactness.

Objects Candidate numbers, vectors, or integer tuples.

Relation 𝐹 (𝑥) = 0; in linear algebra, 𝐴𝑥 = 𝑏; in arithmetic, 𝑎 + 𝑏 = 𝑐.

Discrepancy Take 𝐷𝐹 (𝑥) = |𝐹 (𝑥) |, 𝐷𝐴(𝑥) = ∥𝐴𝑥−𝑏∥, or 𝐷+(𝑎, 𝑏; 𝑐) = |𝑎+𝑏− 𝑐 |. Over the integers,
|𝑎2 + 𝑏2 − 𝑐2 | grades failure to be Pythagorean. The ambient arithmetic supplies the
scale for free.

Zero set The exact solutions are precisely those candidates whose residual vanishes.

Neighborhood If the zero set is empty or inaccessible, seek arg min𝑥 ∥𝐴𝑥 − 𝑏∥2. Near-solutions can then
be ranked, compared, and improved.

Astronomical observations made this last step unavoidable. Measurements of the same orbit did not pass
through one immaculate curve; each arrived with error, and together they could be inconsistent. Legendre
first published least squares in 1805. Gauss, publishing in 1809, claimed to have used the method since 1795
[14, 7]. The priority dispute is less revealing than the shared necessity. Faced with observations that refused
to intersect, mathematics did not discard the problem. It made inconsistency into terrain and asked which
point lay lowest.

The same move can be watched in miniature. Require a Boolean variable 𝑥 to satisfy both 𝑥 = 0 and 𝑥 = 1,
giving the second demand twice the weight. Exact satisfiability has nowhere to go: the zero set is empty.



Geometry of Distinguishability 6

Relax 𝑥 ∈ [0, 1] and minimize

𝐿 (𝑥) = 𝑥2 + 2(𝑥 − 1)2 = 3𝑥2 − 4𝑥 + 2,
𝐿′(𝑥) = 6𝑥 − 4.

Thus
𝑥★ =

2
3
, 𝐿(𝑥★) = 2

3
.

The number 2/3 is not a third truth value. It is a location: the point where incompatible demands balance under
the chosen geometry. Change the weights and the point moves. That dependence is not an embarrassment; it
records what the model has decided to care about.

5. The price of softening truth
Equation residuals arrive with a natural scale. Logic does not. A false proposition is false; classical truth
offers no native answer to “by how much?” The next extension therefore costs something: a semantics of
violation must be designed rather than uncovered.

Objects Assignments 𝑥 to variables.

Relation An assignment satisfies constraints 𝐶1(𝑥), . . . , 𝐶𝑚(𝑥), or makes a formula true.

Discrepancy Choose violations 𝐷𝑖 ≥ 0 and combine them, perhaps as 𝐿 (𝑥) =
∑

𝑖 𝑤𝑖𝐷𝑖 (𝑥). For
𝑔(𝑥) ≤ 0, a common penalty is max{0, 𝑔(𝑥)}2.

Zero set Provided every positive-weighted 𝐷𝑖 detects its constraint, 𝐿 (𝑥) = 0 exactly when all
constraints hold.

Neighborhood The graded problem can rank inconsistent assignments, trade competing demands, or
offer a differentiable surrogate to an optimizer.

Fuzzy logic, many-valued logic, and continuous relaxations all make versions of this bargain [25]. They gain
comparison and motion, but only by adding structure to truth. Two softenings may agree perfectly on which
assignments are exact and disagree everywhere nearby. Their optimizers can diverge. The zero set does not
choose its own hills.

6. A geometry that points one way
Order presents a different resistance. Distances are expected to be symmetric, but “no greater than” has an
arrow built into it. The way forward is not to erase that arrow. It is to let geometry inherit it.

Objects Elements of a preorder (𝑋,⪯).

Relation 𝑥 ⪯ 𝑦.

Discrepancy On R, 𝐷⪯ (𝑥, 𝑦) = max{0, 𝑥 − 𝑦}.

Zero set 𝐷⪯ (𝑥, 𝑦) = 0 exactly when 𝑥 ≤ 𝑦.
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Neighborhood 𝐷⪯ (𝑥, 𝑦) ≤ 𝜀 says that 𝑥 violates 𝑥 ≤ 𝑦 by no more than 𝜀.

The two directions answer different questions, and that asymmetry is the information. Lawvere’s 1973
construction makes the unity exact. Turn the usual order on [0,∞] around and use addition as composition. A
category enriched over this base assigns a value 𝑑 (𝑥, 𝑦) to every ordered pair; its rule for composition is

𝑑 (𝑥, 𝑦) + 𝑑 (𝑦, 𝑧) ≥ 𝑑 (𝑥, 𝑧),

which is precisely the triangle inequality. Symmetry and separation are optional. Collapse the base to
{0,∞} and the same architecture becomes a preorder: 𝑑 (𝑥, 𝑦) = 0 means 𝑥 ⪯ 𝑦 [13]. With suitable bases,
logical conjunction and implication also arise from the monoidal closed structure. Here the essay’s sweeping
resemblance is no longer only a resemblance. Metric, order, composition, and logic occupy neighboring
rooms in one formal house.

7. From paths to landscapes
So far the candidate configurations have been finite: a triple, an assignment, an ordered pair. But a mathematical
object can also unfold in time. Once an entire path is treated as one point in a larger space, a differential
equation becomes a relation on histories.

Objects Trajectories 𝑥(𝑡), fields, or parameterized models 𝑓𝜃 .

Relation A path obeys ¤𝑥(𝑡) = 𝐹 (𝑥(𝑡), 𝑡); a model agrees with observations.

Discrepancy For dynamics, use 𝐷 [𝑥] =
∫
∥ ¤𝑥 − 𝐹 (𝑥, 𝑡)∥2𝑑𝑡. For learning, use a data loss 𝐿 (𝜃), often

accompanied by regularization.

Zero set 𝐷 [𝑥] = 0 selects exact trajectories. Zero data loss selects perfect fit when the model class
permits one.

Neighborhood Residual methods approximate equations, variational methods compare histories, and
gradient methods travel across parameter landscapes.

Physics supplied this language long before the modern word “loss” became ubiquitous. Euler, Lagrange, and
Hamilton learned to compare whole possible motions through extremal principles; Ritz turned the same idea
into a method of approximation [5, 12, 9, 21]. The actual motion appears not as a point selected by a local
rule alone, but as a privileged history among neighboring histories.

Machine learning inherits this lineage through least squares, likelihood, and regularization [22, 23]. Its
especially suggestive move is that descent can alter not only a prediction but the representation in which later
predictions will be compared. The landscape helps build the eyes that inspect it. And landscapes can deceive:
they contain spurious minima, broad plateaus, and thin curved trenches. Such features are invisible from the
zero set alone. Here the surrounding geometry is not decoration; it determines whether learning can find its
way.

8. Distinguishing possible worlds
Probability changes the mood of the question. The objects are no longer single outcomes but entire accounts
of what might happen. To compare two distributions is to ask how readily evidence can tell their possible
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worlds apart.

Objects Probability distributions 𝑃 and 𝑄.

Relation 𝑃 = 𝑄, or operational indistinguishability under specified observations.

Discrepancy
𝑑TV(𝑃,𝑄) = sup

𝐴

|𝑃(𝐴) −𝑄(𝐴) |, 𝐷KL(𝑃∥𝑄) =
∑︁
𝑥

𝑃(𝑥) log
𝑃(𝑥)
𝑄(𝑥) .

Zero set Under the usual hypotheses, either quantity vanishes exactly when 𝑃 = 𝑄.

Neighborhood Small total variation limits how differently the models price events. KL divergence grades
the directed informational cost of using one model where another governs.

The asymmetry of KL divergence is not a flaw waiting to be repaired. Expectations weighted by 𝑃 ask what
happens when 𝑃 is the world and 𝑄 is the approximation; reversing them asks another question. A mismatch
of support may even make one direction infinite while leaving the other finite. Kullback and Leibler tied
this directed quantity to information and sufficiency [11]. Rao had already shown that a smooth family of
statistical models carries a local geometry through information [19]. Evidence, estimation, and coding had
discovered their own notions of near and far.
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Figure 3: Two geometries on the same family of Bernoulli distributions. Both vanish on the diagonal 𝑝 = 𝑞, but total
variation is symmetric across it while 𝐷KL (𝑃∥𝑄) is directed. The same possible worlds therefore acquire different
landscapes under different declarations of distinguishability.

9. The staircase of objects
There is now a pattern beneath the pattern. Each time mathematics learns to handle a kind of object, it can
place many such objects into a new space and begin comparing them. Numbers become coordinates of vectors;
functions become points in normed spaces; distributions become points in statistical manifolds. Graphs,
algebras, and eventually whole metric spaces become candidates for geometry in their own right. Banach
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helped consolidate complete normed spaces of functions; Gromov made entire metric spaces comparable
[1, 8].
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promote the object  →  build a space of such objects  →  compare again

Figure 4: Recursive elevation of the mathematical point. The arrows do not assert that one object literally turns into the
next; they mark a repeated change of viewpoint in which increasingly structured objects become points of a larger space
and hence become available for comparison.

The ascent has a simple rhythm:

objects → space of objects → discrepancy on that space → new structure.

Then the new structure itself becomes an object, and the question begins one level higher. Mathematics
repeatedly enlarges what can count as a point without exhausting the question of what it means for two points
to differ. This recursion is why the distance idea seems to wait for us wherever we arrive.

10. At the edge of the map
A view this broad carries its own danger. Any relation admits a 0/1 indicator; any finite table can be disguised
as a zero set. If mere encodability were enough, the thesis would explain everything and therefore nothing. A
useful discrepancy must answer for its positive values. It should justify a scale, a topology, an operational
interpretation, or—best of all—a theorem showing that small defect controls something the original subject
values.

Leibniz’s characteristica universalis offers an apt historical warning. A universal symbolic language may
aspire to express every dispute without possessing the resources to decide any of them [17]. The same
temptation shadows every universal vocabulary. Hyers’s theorem escapes it because a small defect yields a
nontrivial nearby exact object; unstable equations sharpen the achievement by showing it could have been
otherwise. Lawvere’s enrichment escapes it because the common form is proved, not proclaimed. The
elementary relaxation escapes it because it returns 2/3 and shows openly which choices made that answer
possible.

Nor can every important feature be pressed into one scalar. Two discrepancies may share a zero set and disagree
everywhere else. A topology may have no preferred metric; algebraic composition contains information no
ordinary pairwise distance recovers; logical consequence is not simply numerical closeness. The phrase
“geometry of distinguishability” is strongest not as a conquest but as an invitation: what distinctions does a
theory recognize, which can be graded, what does the grading preserve, and what becomes visible only after
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the exact boundary is allowed to have a neighborhood?

11. Where geometry begins
We can now return to a familiar sentence:

Mathematics studies objects and relations between them.

The journey adds one quiet move. A relation can often be regarded as the zero set of a meaningful discrepancy.
The relation tells us which configurations are exact; the discrepancy lets the surrounding possibilities speak.

Seen this way, the history has a remarkable shape. Euclid organized exact configurations. Leibniz imagined
a geometry of relation and position. Descartes allowed equations to draw. Legendre and Gauss found a
disciplined answer when observations would not meet. Riemann and Fréchet made measurement itself
mathematical. Birkhoff foregrounded systems of laws. Rao and Kullback–Leibler made statistical distinction
geometric and informational. Ulam and Hyers asked whether almost lawful objects live near lawful ones.
Lawvere showed distance, order, composition, and logic meeting inside one formal architecture. Modern
learning turned discrepancy into an engine that can remake its own representation.

Mathematics is, to a remarkable extent, the geometry of distinguishability.

The simplicity is almost disorienting. Ordinary geometry measures separation. Analysis measures approach
to limits. Optimization measures departure from optima. Algebra can measure deviation from laws. Logic
can grade constraint violation. Statistics compares possible worlds. Physics orders histories by action and
states by energy. Computation turns constraints into losses. Then functions, distributions, graphs, algebras,
spaces, and histories themselves become points, and the question returns:

How different are these two things—or these two configurations?

No ordinary pairwise metric contains all of operation, order, logic, and relation. That is precisely why the
enlargement matters. Relational discrepancy does not flatten those subjects into one object; it lets us recognize
a shared passage from exactness to approximation, from membership to neighborhood, from a law to the shape
of its possible failure.

That may be the real reason distance appears everywhere. Mathematics does not secretly live in Euclidean
space. It is perpetually deciding what may count as the same, what must count as different, and which
differences matter enough to measure. Each such decision opens a local geometry.

The journey from Euclid’s exact circle to a learned loss landscape is therefore not a march away from geometry.
It is geometry discovering, century by century, that its deepest subject was never only space. A circle
becomes an equation; an error becomes a direction; a law acquires a neighborhood; a possible world becomes
distinguishable from another. Beneath the changing apparatus, the same small question keeps opening larger
rooms.
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An expository and historical essay on a distance-first view of mathematical structure.
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