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Abstract

Memoization collapses a recursion tree into a directed acyclic
graph (DAG) of distinct subproblems. Standard overlap analy-
sis records the terminal compression rate: if the naive tree has
exponential speed o and the memoized DAG has exponential
speed [, then the logarithmic overlap velocity tends to o — f3.
This terminal number is not a complete invariant. The main
result of this paper constructs finite-lag recursive schemas with
the same terminal tree speed log 2, the same polynomial memo-
ized state count, and therefore the same limiting overlap veloc-
ity, but with arbitrarily different finite takeoff behavior. In one
schema redundancy becomes visible essentially immediately;
in another the approach to the same terminal velocity can have
an arbitrarily slow near-periodic transient. To capture this miss-
ing information, the paper introduces the velocity takeoff kernel.
If N, is the naive recursion-tree size, u,, = log N, +1 —log N,,,
and u,, — « > 0, then the normalized profile F,, = u,/a is a
discrete step response F,, = (k x H),, of a causal kernel x of
total mass one. A supporting regularity proposition shows that,
for aperiodic finite-lag recurrences, this kernel has exponen-
tially decaying tail and modes determined by the subdominant
roots of the recurrence. The main theorem shows why this ker-
nel is not merely descriptive: it reveals finite redundancy onset
that first-order asymptotic overlap invariants cannot measure.

1 Introduction

Memoization turns repeated recursive calls into shared subprob-
lems. Before memoization, a recursive computation exposes a
tree: equal subproblem labels may appear many times. After
memoization, equal labels are identified and the computation
becomes a directed acyclic graph. Dynamic programming,
in Bellman’s original formulation [5], exploits this quotient.
Michie’s memo functions [16] made the same quotient visible
as a programming technique.

Let N,, be the number of calls in the full naive recursion
tree on input size n, and let M,, be the number of distinct
subproblems reachable from that input. The overlap ratio is

The logarithmic overlap is S,, = log ©,,, and the overlap ve-
locity is the finite difference

Un = Sn+1 —Sh.

This velocity records the rate at which memoizable redundant
work is being created as the input size increases.
The elementary identity

Un = (10g Npi1 —log Nn) - (log M1 —log Mn)

separates the tree velocity from the DAG velocity. If log IV,, ~
an and log M,, ~ fn, then v,, — a — B. This is the usual
first-order reading: it gives the terminal speed at which overlap
is created.

The point of this paper is that the terminal speed is not the
whole invariant. The finite question is different:

00— a-—4.

How does redundancy actually take off? Does it appear im-
mediately, or only after delayed branches return? Does the
velocity approach its limit monotonically, alternate around it,
or ring for a long transient before settling? These behaviors
can occur even when the terminal overlap velocity is the same.

The main separation result makes this precise. There are
finite-lag recursive schemas with the same terminal tree speed
«a = log 2, the same polynomial memoized state count M,, =
O(n), and hence the same limiting overlap velocity log 2, but
with different takeoff classes. The immediate binary recurrence
reaches its terminal velocity at once up to boundary effects. A
second aperiodic family has the same terminal velocity and
the same one-dimensional memoized state set, while its modal
radius can be made larger than 1 — ¢§ for any § > 0. Thus the
finite onset of redundancy is not determined by «, by 3, or by
the growth class of the memoized DAG.

To measure the missing information, define the tree velocity

Up, = log Npy1 — log N,,.

When u,, — « > 0, the normalized curve F,, = wu, /a is the
velocity takeoff profile. Its finite difference

Hn:Fn*Fn—la F—1:07

is the causal takeoff kernel. Equivalently, F;, = (k * H),,
where H is the discrete step function. The definition is simple;
the content is that finite-lag recurrences give kernels whose
tails and oscillations are controlled by the subdominant roots
of the recurrence.

There are therefore two steps in the argument. First, a
regularity proposition translates standard finite-lag recurrence
asymptotics into the language of takeoff kernels: the kernel has
total mass one, exponential settling, and recurrence-root modes.



Second, the main theorem shows that this extra finite-response
information is necessary: the kernel distinguishes recursive
schemas that first-order overlap invariants cannot distinguish.

The contribution is not a new solution method for linear
recurrences. Classical recurrence theory, generating functions,
and branching processes already contain the dominant-root
equation [4, 6, 11]. The contribution is the overlap-velocity
interpretation and the separation it enables. Recursive ineffi-
ciency has a response shape. Memoization removes accumu-
lated overlap, but the way that overlap becomes visible is itself
structured.

This viewpoint sits before the fine-grained complexity ques-
tion of how fast the collapsed dynamic program can be eval-
uated [3, 1, 8, 15, 2, 14]. The takeoff kernel describes the
redundant recursive response that creates the DAG in the first
place.

2 Overlap Velocity

All logarithms are natural logarithms. The input size is a non-
negative integer n. For a recursive computation on size n, let
N, be the number of calls in the naive recursion tree, counting
repeated subproblems with multiplicity. Let U,, be the set of
distinct subproblem labels reached from that input, and let

Mn = |Un|

be the number of distinct subproblems. The overlap ratio ©,, =
N,,/M,, is the average number of tree appearances per distinct
subproblem.
Define the logarithmic overlap S,, = log ©,,. The overlap
velocity is
Up = Sn+1 - Sn

It is useful to name the two components of this velocity. The
tree velocity is
upn, = log Nn+1 — log Ny,
and the DAG velocity is
wy, = log My,+1 — log M,,.
Then
Up, = Uy, — Wp,.

Thus memoization removes not only accumulated work but
also a velocity profile. If M,, is polynomial in n, then w,, — 0,
and the overlap takeoff is essentially the tree takeoff. If M, is
exponential, then the DAG itself has a competing velocity.

3 Finite-Lag Recursion

A finite-lag recursive schema is defined by a finite nonempty
set J C {1,2,3,...} and a positive integer a; for each j € J.
The integer j is a size decrement, and a; is the number of
recursive calls from size n to size n — j. The naive tree size is
modeled by

Nn =1+ Zaan,j,
JjeJ

n>1, (1)

with boundary convention N,,, = 1 for m < 0. The boundary
changes constants but not the takeoff modes.
The total branching number is

A= Zaj.
JjeJ

When A = 1, the recursion is path-like and has no positive
exponential tree velocity. The interesting redundant case is
A > 1. Define the polynomial

Q(z)=1- Zajzj.
JjeJ
There is a unique positive number p € (0, 1) satisfying
Q(p) =0, equivalently Zaj p=1. 2)
jeJ
The terminal tree speed is
a = —logp.

The normalized call-decrement distribution is the recursion
kernel K defined by

a;
Z }
This kernel records where the raw recursive branches land. The

takeoff kernel introduced below is different: it records how the
observed velocity approaches its terminal value.

K; = je

4 Regularity of the Takeoff Kernel

Let H,, denote the discrete step function, defined by H,, = 1
forn > 0and H,, = 0 for n < 0. If a sequence £ = (kp)nez
satisfies x,, = 0 for n < 0, its step response is

n

(k*H)p :Znt.

t=0

The sequence is causal because only present and past indices
contribute.

Definition 1 (Velocity takeoff kernel). Assume the tree velocity
Uy, = log N1 — log N, converges to a positive limit a. The
normalized takeoff profile is

Unp
Fnziv
(0%

n > 0.

Set F'_y = 0. The velocity takeoff kernel is the causal sequence
K defined by

bkn=F,—F,-1 (n>0), kn=0 (n<0).

By definition, F,, = (k * H),. The following proposition is
the technical normalization step. It records that finite-lag re-
cursion gives a well-behaved finite-response kernel: the profile
settles to mass one at a rate controlled by the recurrence roots.
This is mostly classical recurrence theory, but it makes the later
separation statement precise.



Proposition 1 (Finite-lag takeoff regularity). Consider the
finite-lag schema (1) with total branching number A > 1. Let
Qz) =1-3 a;z?, let p € (0,1) be the positive root
in (2), and let « = —logp. Assume the greatest common
divisor of the integers in J is 1. Then the tree velocity u, =
log Ny, +1 — log N, satisfies

lim u,, = a.
n— 00

The takeoff kernel r has total mass one:

o0
Z Kp = 1.
n=0

Moreover, there are constants C > 0 and X € (0, 1) such that

|Fp — 1] < CA" and  |kp| < CA"

Sor all sufficiently large n. If { is a non-dominant root of @,
then its contribution to the leading correction has mode (p/{)"
whenever that root is among the closest singularities to p. Thus
negative or complex non-dominant roots produce alternating or
oscillatory takeoff, while positive real non-dominant roots pro-
duce monotone exponential smoothing when their coefficients

have the appropriate sign.

Proof. The ordinary generating function G(2) = > ., N,2"
is rational. The recurrence (1) gives a denominator of the form
(1 = 2)Q(z), up to numerator factors determined by the bound-
ary convention. Since A > 1, the positive root p of @ lies
inside the unit disk. Since the coefficients a; are nonnegative
and ged(J) = 1, the root p is the unique singularity of smallest
modulus. This is the standard aperiodic case for nonnegative
linear recurrences; see the transfer theorems in analytic combi-
natorics [11].
Therefore
N, = Copfn(l + 5n)

for some constant Cyy > 0, where €, — 0 exponentially. More
precisely, the exponential rates in ¢, are ratios (p/¢)"™, where
¢ ranges over singularities of G other than p, including non-
dominant roots of ) and the singularity at z = 1. Hence

Nn+1 1+5n+1
=-1 log ————
N, og p + log 17z

u, = log

The second term tends to zero exponentially, so u, — a.
Dividing by « gives F,, — 1, and the definition x,, = F), —

F,_1 gives
m
E Kn = Fp,.
n=0

Letting m — oo proves Zn>0 kn = 1. Since both F,, — 1
and F,_; — 1 decay exponentially, so does «,. The modal
statement follows from the partial-fraction expansion of the
rational generating function. O

Remark 1. Proposition I does not say that k., is always non-
negative. If kK, > 0 for all n, the takeoff is a passive smoothing
kernel in the strict sense: the normalized velocity rises as a

cumulative distribution. If some k,, are negative, the response
is signed. That is still informative. Negative mass marks over-
shoot, alternating corrections, or ringing caused by competing
recursive scales.

Corollary 1 (Settling time and signed response). Under the
hypotheses of Proposition 1, fix a tolerance € > 0. Define the
e-settling time T to be the smallest integer T such that

|Fp, — 1| <e foreveryn>T.

Then T, = O(log(1/¢)) as € | 0. If the takeoff kernel k is
nonnegative, then F), is monotone nondecreasing and F, is the
cumulative distribution function of a probability law on Ny. If
K has negative entries, the excess signed response

R(k) = |kn| —1

n>0

is finite and measures the amount of overshoot or ringing in
the normalized velocity response. The value of R(k) depends
on the finite prefix of k, and therefore on the chosen base-case
convention, but its tail is controlled by the recurrence modes.

Proof. The exponential estimate | F;, — 1| < C'A™ from Proposi-
tion 1 implies that |F), — 1| < € once n > log(C/e)/log(1/N),
proving the settling-time bound. If every «,, is nonnegative,
then F,, = >"}'_,  is nondecreasing, and Proposition 1 gives
Zn>0 Ky = 1, so k is a probability law. If signs occur, the
exponential bound on &, implies ) |k,| < 00, so R(k) is
finite. O

Corollary 1 gives two quantities that can be measured with-
out solving the recurrence exactly. The settling time says how
long the recursion behaves like a startup transient before its
asymptotic overlap velocity is visible. The signed response
R(k) distinguishes a passive rise from a response that over-
shoots and returns. These are not traditional big-O costs; they
are shape parameters for redundant computation.

The settling time also gives a practical decision rule for
bounded inputs. Fix a tolerance €. If the input range of interest
lies mostly below T, then the recursion is still in its startup
response: asymptotic overlap exists, but it is not yet the behav-
ior seen by the computation. If the range extends well beyond
T., and the DAG velocity w,, is small relative to the tree veloc-
ity, then memoization is exposing persistent redundancy rather
than only boundary effects. This is not a machine-independent
runtime theorem, but it is an intrinsic threshold for when stable
overlap has begun.

S Main Separation

Proposition 1 makes the kernel legitimate. This section gives
the reason to care about it: terminal overlap data do not de-
termine finite redundancy onset. The missing information is
carried by the modal structure of the takeoff profile, and the
main theorem shows that this information cannot be recovered
from the usual first-order invariants.



Let G(2) = >, Nn2" be the generating function of the
tree sizes, and let p = e~ be its dominant positive singularity.
Let Z be the set of singularities of G other than p. In the
finite-lag model, these singularities are among the roots of
Q(z) together with z = 1, after removing any cancellations
caused by the numerator. Define the modal radius

B ‘
¢
The aperiodic assumption in Proposition 1 implies A, < 1. A
modal radius near zero means fast settling. A modal radius near

one means a long finite transient before the terminal velocity is
visible.

A, = max
CEZ

Corollary 2 (Modal radius). For every number \ satisfying
Ax < A < 1, the normalized takeoff profile obeys

IF, — 1] = O(\™).

If a singularity ¢ € Z with |p/¢| = A« has nonzero coefficient
in the partial-fraction expansion of G, then the takeoff profile
has a leading correction of order X}, possibly multiplied by a
polynomial in n if the singularity is multiple.

Proof. This is the modal part of Proposition 1 stated as an in-
variant. The rational generating function has a partial-fraction
expansion. Dividing the contribution of a non-dominant singu-
larity ¢ by the dominant term p~™ produces the ratio (p/({)™.
The largest such modulus controls the slowest exponential set-
tling mode, unless its coefficient vanishes. O

Thus two recursive schemas can have the same terminal ex-
ponent « but different finite-response behavior. One may reach
its terminal velocity in a few input steps; another may have a
long startup tail. One may approach monotonically; another
may alternate around the limit. Big-O notation usually dis-
cards those differences as lower-order terms. The kernel view
keeps them because they are algorithmically visible in finite
input ranges and experimentally visible in traces of recursive
programs.

This is also where the analogy with finite physical response
is closest. The number « is the final velocity. The modal radius
Ay, the settling time 7, and the signed response R(x) describe
the route to that velocity. For recursive algorithms, that route
records when repeated subproblems begin to dominate. A
recurrence whose redundancy takes off only after a long delay
may behave like an iterative computation on small inputs even
if its terminal exponent is positive.

The next theorem is the main contribution. It says that the
takeoff kernel is not a cosmetic repackaging of the terminal
exponent: two recurrences can agree on the terminal tree speed,
on the memoized state-growth class, and on the limiting overlap
velocity, while disagreeing arbitrarily strongly on finite takeoff.

Theorem 1 (Main separation: first-order overlap invariants do
not determine takeoff). There are finite-lag recursive schemas
with the same terminal tree speed o = log 2, the same poly-
nomial memoized state count M, = O(n), and therefore the

same limiting overlap velocity log 2, but with different takeoff
classes. In particular, the immediate binary schema

N, =1+2N,_,

has modal radius 1/2. For every 6 > 0, there is an aperiodic
schema with the same terminal speed and polynomial memoized
state count whose modal radius is greater than 1 — §.

Proof. The immediate binary schema has Q(z) = 1 — 2z,

dominant root p = 1/2, and no non-dominant root of @). The

affine recurrence contributes the singularity z = 1, so the

modal radius is p/1 = 1/2. Its reachable one-dimensional

subproblem labels are among 0, 1,...,n, so M,, = O(n).
For the slow family, fix an integer L > 2 and define

N,=1+2F=1)N,_p +2N,_1_1.

Here J = {L, L + 1}, so the schema is aperiodic. Its charac-
teristic polynomial is

Qr(z) =1—(2F —1)2F — 221+1,

Since
(2F —1)27F 2. 270FD =1,

the positive dominant root is again p = 1/2, and the termi-
nal tree speed is log2. The reachable labels are still one-
dimensional, so M,, < n+1 and the memoized DAG exponent
is 0.

It remains to see that the modal radius can approach one.
Compare (), with the periodic polynomial

Pp(z) =1—2F:F

The non-real roots of Py, are (1/2)e?™**/L 1 <k < L, all on
the circle of radius 1/2. Moreover

QL(z) — Pu(z) = 2"(1 - 22),

which is exponentially small near those roots. By the stan-
dard continuity of simple polynomial roots, equivalently by
Rouché’s theorem on small circles around the roots of Py, Qr,
has a non-dominant root {;, with

as L — oo.

1 .
<L _ 5eZﬂ'z/L -0

With the boundary convention N,,, = 1 for m < 0, the numer-
ator of G, (z) is relatively prime to Qp,(z); equivalently, these
nearby roots are genuine non-dominant singularities of the tree-
size generating function. The aperiodic nonnegative recurrence
has no other root on the dominant circle, so [(r,| > 1/2, but the
displayed convergence gives || — 1/2. Hence

P
— — L.
I¢Ll
Choosing L large enough makes the modal radius greater than
1-46. O



Theorem 1 is the main separation. The two families agree
on the usual exponential tree rate, on the growth class of the
memoized state graph, and on limiting overlap velocity. They
differ in when the asymptotic redundancy regime becomes
visible. No statement using only «, (3, or the growth class of
M, can see that difference. The takeoff kernel can. Figure 1
shows the separation numerically: the terminal overlap velocity
is the same, but the finite response can settle immediately or
ring for a long transient.

The same modal language also gives a quantitative tail esti-
mate for signed response. This bound is not the main separa-
tion, but it is useful when comparing measured kernels after
discarding a finite warmup prefix.

Corollary 3 (Tail signed-response bound). Suppose the cor-
rection to the normalized takeoff profile has the form

m

Fo—1=Y ¢ 0} +0(n"),

r=1

0 <n<maxl|d| <1,
T

where the complex modes are listed with their conjugates so
that F,, is real. For the tail response

Ra() = 3 Jial,
n>N

one has

" lerl 11— 6,110,V
IR _||9|| +0(n™).
r=1 r

Proof. Since k,, = F,, — F,,_1, the mode c¢,-0] contributes
¢, (0, —1)0"~1. Summing absolute values over n > N gives
a geometric bound for each mode. The lower modes contribute
om™). O

6 Terminal Speed as Entropy

Proposition 1 describes the route to the terminal speed. The
terminal speed itself has a compact entropy form, using the
standard entropy and relative-entropy notation of information
theory [9]. Let p = (p;),cs be a probability distribution on the
decrement set J. Its entropy is

H(p) == pjlogp;,
jeJ
and its relative entropy from the recursion kernel K is
Dj
D(p||K) = log —-.
(I K) Zpg B
jedJ
The mean decrement under p is
wp) = ips.
JjeJ
Corollary 4 (Entropy formula for terminal speed). For the

finite-lag schema above, the terminal speed o = — log p satis-

fies
_ log A — D(p| K)
a=max ————
P 1(p)

)

where the maximum is over all probability distributions p on J.
The maximizing distribution is

;= aje Y, jeJ

Proof. Equation (2) says that g; = a; e~ sums to one, S0 ¢ =
(g;);e is a probability distribution. For any p, nonnegativity
of D(p|lq) gives

P
0< ij log ajeiaj = —H(p) — ij log a; + apu(p).

j€J =
Thus
H(p) + > je pjloga;
1(p) '
Equality holds when p = ¢. Since a; = AKj;, the numerator

equals log A — D(p|| K), which proves the displayed formula.
O

o>

The corollary says that the terminal speed is branching en-
tropy per unit size after paying a mismatch penalty. Proposi-
tion 1 adds the missing finite-response statement: the recur-
rence roots determine how that terminal speed is approached.

7 Takeoff Types

No takeoff: linear recursion. For one call fromnton — 1,
the set of decrements is J = {1}, the multiplicity is a; = 1,
and A = 1. The tree is a path, so N,, grows linearly rather than
exponentially. There is stack depth, but no positive overlap
velocity.

Immediate takeoff: binary one-step recursion. For two
calls fromnton — 1, J = {1} and a; = 2. The root equation
is 2¢7* =1, so o = log 2. Apart from boundary effects, the
velocity is already at the binary speed. The takeoff kernel is
concentrated near the origin.

Delayed takeoff: binary lag L. For two calls from n to
n— L, J = {L} and a;, = 2. The terminal speed per unit of
the original input coordinate is

log 2
7
The greatest common divisor condition fails when L > 1, so
the raw sequence has residue-class effects. In the coarse coordi-
nate m = n/L, the recurrence is immediate binary branching.

In the original coordinate, the response has dead time: recursive
mass cannot return until the lag has been paid.

Monotone envelope: Fibonacci. Naive Fibonacci has one
call to n — 1 and one call to n — 2. Thus J = {1,2} and
a1 = ag = 1. The terminal speed solves

e pe 2 =1,

so a = log ¢, where ¢ = (1 + 1/5)/2. Because N,, counts
all call nodes, the affine +1 in the recurrence contributes the



Same terminal overlap velocity, different finite takeoff
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(b) near-periodic slow takeoff
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Figure 1: Numerical view of Theorem 1. The immediate binary recurrence and the delayed families have the same terminal tree
speed log 2, the same polynomial memoized state growth, and the same limiting overlap velocity, but their takeoff profiles and

modal radii are visibly different.

singularity z = 1. This gives a monotone correction of order
p" = ¢~ ", where p = 1/¢. The polynomial Q(z) = 1—2z—2>
also has the non-dominant root { = —¢, giving the alternating

mode n
(¢

Thus Fibonacci is not a leading-ringing example under node
counting. Its leading finite-response behavior is monotone
settling, with a faster alternating ripple underneath. If one
counts only leaves, the z = 1 contribution disappears and
the alternating mode becomes leading. Figure 2 illustrates
this boundary-convention effect: the tail modes are the same
recurrence information, but the visible kernel prefix changes.

Leading ringing: near-periodic delayed branching. The
slow family in Theorem 1 has roots ¢, near (1/2)e?™%/L, while
the dominant root is p = 1/2. Its leading mode is approxi-

mately
P " —27in/L
(&)

with modulus just below one. This is genuine leading ringing:
the complex mode dominates the z = 1 monotone correction,
whose modulus is only 1/2, and the oscillation can be made
arbitrarily slow by increasing L.

Mixed takeoff: parallel channels. Suppose one channel
branches quickly and another channel returns after a longer lag.
If the fast channel has multiplicities b; and the slow channel
has multiplicities c;, the combined multiplicity is a; = b; + c;.
The recursion kernel K; = a;/A is a mixture weighted by
branch counts. The takeoff kernel need not be the same mixture,
because the recurrence roots interact globally. This is where
multi-stage response shapes appear: a fast initial rise followed
by a slower settling tail.

Diffusive takeoff: grid dynamic programs. Some dynamic
programs are not one-dimensional finite-lag recurrences. For
lattice paths, the number of paths to (i, j) satisfies P; ; =
P;_1,j + P, j_1. Along the diagonal, P, , = ("), so

1
log P, = 2nlog2 — 3 logn + O(1).

The velocity approaches 2log 2 with an algebraic correction
of order 1/n, not an exponential correction. This is a different
smoothing class. It is closer to a diffusive kernel than to a
finite-dimensional linear recurrence kernel, and it suggests
why multidimensional DP grids deserve a separate theorem.
Figure 3 contrasts this algebraic settling with the exponential
settling from finite-lag recurrences.



Fibonacci: boundary convention changes the visible kernel prefix

(a) node-count kernel

(b) leaf-count kernel

(c) monotone tail plus ripple
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Figure 2: Fibonacci takeoff depends on the counting convention. Under node counting, the affine term contributes a monotone
z = 1 correction; under leaf counting, that contribution disappears and the alternating mode is more visible.

Settling class: finite-lag vs grid DP
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Figure 3: Finite-lag recurrences settle exponentially, while
diagonal grid-DP path counts have an algebraic 1/n-scale tail.

8 Overlap Corollary

The regularity proposition describes w,,, the tree velocity. The
overlap velocity is v, = u,, — w,, where w, = log M,, 1 —
log M, is the DAG velocity.

Corollary 5 (Overlap takeoff). Assume u,, — « and w, — B,
where o and 3 are nonnegative real numbers. Then the overlap
velocity satisfies

Uy = — f.

If a > 0, F,, = uy/a is the tree takeoff profile. If 8 > 0,
G,, = wy, /B is the DAG takeoff profile. Then

Uy = ol — BGy.

In particular, when M, is polynomial, 8 = 0, and the overlap
takeoff inherits the tree takeoff.

Proof. The identity v,, = u,, — w,, gives the limit. The dis-
played decomposition follows by substituting u,, = a.F}, and
w, = BG,, when the normalizations are defined. O

The error from terminal overlap velocity is
vy — (= B) =a(F, — 1) — B(G,, — 1).

Thus, when both sides have modal expansions, the overlap
takeoff is controlled by the slower of the tree and DAG modes,
unless the leading coefficients cancel. For Fibonacci, M,, =
n+ 1, so w, = log(n + 2) — log(n + 1) — 0. The overlap
velocity therefore inherits the tree profile: monotone settling
with a smaller alternating ripple, converging to log . For a DP
whose state graph is itself exponential, the observed overlap
takeoff is genuinely a difference between two response curves.

9 Relation to Algorithms

The takeoff kernel belongs to the first step in a standard algo-
rithmic pipeline:
naive recursion 2220, subproblem DAG,

structure

subproblem DAG ——— optimized evaluation.

The kernel measures how redundant work appears before the
quotient by equal labels. It is a diagnostic for finite-input
memoization behavior, not a lower bound on the best algorithm
for evaluating the resulting DAG.

This distinction is important in fine-grained complexity. Con-
ditional lower bounds for edit distance, LCS, dynamic time
warping, and related dynamic programs show that strongly sub-
quadratic exact algorithms would contradict SETH, the Strong
Exponential Time Hypothesis [13, 3, 1, 8]. Recent bounded
weighted edit-distance results sharpen the same distinction in
dynamic settings [7]. Those results concern the collapsed dy-
namic program, not simply the waste in a top-down recursion
without memoization.



Recent positive results also live mostly after the collapse.
Kiinnemann, Paturi, and Schneider [15] identify structure in
one-dimensional dynamic programs. Alman, Turok, Yu, and
Zhang [2] use tensor rank and slice rank to analyze speedups
for broad classes of dynamic programs. Jin’s near-quadratic
algorithm for 0-1 knapsack [14], and recent work on higher-
dimensional knapsack and convolution [12], change the frontier
for classical DP evaluation. The takeoff-kernel view is com-
plementary: it asks what kind of redundant recursive response
created the DAG in the first place.

10 Experimental Agenda

The separation theorem suggests a direct measurement program.
For a recursive implementation, record IV,,, the number of naive
calls, and M,,, the number of distinct labels reached under
memoization. Then compute

Up, = log Npy1 — log Ny,
wy, = log My 11 — log My,
Uy = Up — Wp.

When u,, has an apparent terminal value «, form F,, = u,/«
and k,, = F,, — F,,_1. The plotted kernel should reveal whether
the recurrence has immediate, delayed, oscillatory, mixed, or
diffusive takeoff. The first few entries of x depend on base
cases and boundary conventions, so experiments should report
that convention. For near-periodic schemas or cases with A,
close to one, discarding a warmup prefix may not reveal a
settled tail within the observable window; experiments should
also report the response envelope or a period-averaged velocity.

The first benchmark family should be deliberately simple:
Fibonacci, k-bonacci, delayed binary recursion, lattice paths,
edit distance, context-free parsing recurrences, and memoized
search problems with changing branching factors. For CYK-
style parsing and related dynamic programs, even I/O behavior
is a separate post-collapse question [10]. The value of the
experiment is not to rediscover their asymptotic costs. It is
to show that recursive redundancy has a measurable response
shape, and that this shape is stable enough to classify algorithms
before fine-grained optimization begins.

11 Conclusion

The limiting overlap velocity aw — (3 is only the terminal read-
ing of a richer finite-response object. In a finite-lag recursive
schema, the tree velocity u,, = log N1 — log N,, approaches
its terminal value « through a causal takeoff profile F,,. The
kernel k,, = F,, — F},_; has total mass one and, in the aperi-
odic finite-lag case, exponentially decaying tail controlled by
the subdominant recurrence roots.

The main point is Theorem 1: first-order overlap invariants
do not determine takeoff. Two recursive schemas can have the
same exponential tree growth, the same polynomial memoized
state count, and the same limiting overlap velocity, while one
displays immediate redundancy takeoff and another has an arbi-
trarily slow near-periodic transient. The kernel is therefore not

just a repackaging of the terminal exponent. It is a second-order
invariant that records when memoizable redundancy becomes
visible.

This gives a sharper vocabulary for recursive inefficiency.
A recurrence can have immediate takeoff, delayed takeoff,
damped ringing, mixed-stage smoothing, or diffusive smooth-
ing in a higher-dimensional state space. Memoization removes
accumulated overlap, but the way overlap appears is itself
structured. Recursion is not inefficient merely because it is
recursion; it becomes inefficient when its takeoff kernel drives
tree velocity faster than the distinct-subproblem DAG can grow.
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